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Abstract: In this paper,, we will familiar with the quaternion space, extend the Fourier transform and classic
wavelet transform, then introduce continuous quaternion wavelet and express admissible condition to
quaternion wavelet transform. We also show that there can be established fundamental predicates such as
inner multiplication, soft relationship and inversion formula when quaternion wavelet satisfies in particular
admissible conditions.
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Introduction

Researchers worked on quaternion algebra (1993) and extended transforming true Fourier to quaternion
Fourier [1]. They found some predicates of Fourier transform in the space and could extend classical wavelet
transform to quaternion algebra. They found some important predicates in this case. Hey and Zaw expressed
continuous quaternion wavelet transform on quaternion functions and approved a number of the used
predicates in classical Fourier transform on the extended wavelets [3]. Travershni has suggested discrete
wavelet transform using quaternion Fourier transform that Birocrochano and Zaw stated its applications [2].
Recently, using Clifford Fourier transform kernel, there has been introduced an extension on wavelet
transform to Clifford algebra[l]. In the present paper we are going to describe the desired theory compatible
with new Fourier Kernel.

1.Quaternions and their Properties

William Hamilton (1843), a mathematician, discovered quaternions. After a long struggle, he could expand
complex numbers into three-dimensional (3D) items. The necessity of extending operators on 3D vectors,
including multiplication and division, caused Hamilton to bring up a four-dimensional algebra.

Field H on quaternion is a four-dimensional field on field R that k, j, 1 and 1 are its fundamental elements
with following properties. It is true in Hamilton multiplication rule too.

‘==K =ijk=-1 |, ij=—ji=k

. o : . . (1)
gk = —kj =1 : ki=—ik =7

The field identity member is 1. Each quaternion is defined as follows:
H={q=q +iq1+Jjg+kgs | 90,9 9 € R}
We can consider the field of real numbers under H fields, so that (2)

R={g€H | g=qo+i0+j0+k0} ©)

At least, there are three options for the field of complex numbers as follows that can be a sub-field on H:
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Ci={geH | q=qo+iq +j0+ k0}
= lqgeH | g=qo+10+ jg + kO} 4)

fr“ ] = - L
Ch={qeH | g=qo+1i0+ 750+ kqs}
According to 1, as H is non commutative, it cannot be expanded different results of combined figures to
quaternion. For simplicity, we write a quaternion q as a scalar sum of qo in R and a vector

iqy + jaz + kds g

q=qo+ Gy, = qo+1q; + Jq2 + kqs
sc(q) = Go e V(@) = @

That its scalar and mere parts are shown with ' respectively. Therefore,

it can be written:
q=sc(q) + V(g (6)

Conjugate of quaternion q is achieved by changing sign of its mere part, namely

T=0qo— Gy = Qo — Q1% — @2 — Gk (7)

2
Definitionl.1 For an interval of @ =1 < t, space of L ([(l.., b])

a<t< 'E. In other words:

L2([a, b)) = {f [, b] = e [71f(8)[2dt < oc}

contains a set of all integrable functions on

(8)

Discontinuous functions may be a part of this space.
Inner product of 1.2 is defined as follows:

(f.q)p2 = I‘I f(t)g(t)dt f.g € L% [a.b])

In the similar way, L>( R 2, H) is defined with corresponding inner product.
2. Quaternion Fourier Transform (QFT)
Naturally, we can expand the Fourier transform to quaternion algebra. This expansion is generally called
Quaternion Fourier Transform (QFT). Here, we examine some non commutative statements on quaternion.
In the manner we have considered, there are three different types of Fourier quaternion transform:

1. Fourier quaternion transform of the left side

FolfHw) 2/ e T IT2 f () P

R2
2. Fourier quaternion transform of the right side

Fq{f}(w:} = /@ f(l.)e—im;rle—jwzrngI)

3. Dual Fourier quaternion transform
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}' {f {...u :f2 ?w111f(1,}€ ngrod2

Here, we use QFT of the right side and explain its definitions and propositions.

1 2 ) . 2
Definition 2.1 : Quaternion Fourier transform on fe LR, is a function ‘Fq{f }oRT— H‘

defined as follows:

Fq{f}(w) = LZ f(l.)E—ar’mmle—jwzxgd?I

r = . . . : 1) — e ‘i _—!Ii.u'l;I'l —j(.;:g_rg
Where ! Tier + IQE‘B, W = wier + w2z and nominal multiplication € € are
the kernel of quaternion Fourier.

Inverse of quaternion Fourier is defined as below:

1

f(if} — ]: {f}( ) ija:rgemlxlarz
(27 )2
1

. (27}2 - . . . .

Remark : Except the </ , there are two general contract in inversion Fourier transform. One is achieved
1 1 2
— 2 n f = — d ()

L ow— 2w | Fe=52 ) dn q o J W ) .

by substituting ' in 2m and 2m . All calculation of this

article can be easily changed to other contracts.
If we use Euler's formula for quaternion Fourier kernel, then we can rewrite it as follows.

Fifye) = [ faesmeinnis
= laf(:v) cos(wiTy) — isin(wlim)) . (cos(wg-rg) - jSin(wgfg))dQI
= ﬁ f(z) cos(wyzy) cos(wyzy)d’r — f( ) isin(wyzy) cos(wyry)d2r

— f(z) jcos(wizy) sin(wyzs)d’r + f(z) ksin(wzy) sin(wyxy ) dx

2(T2. 1 (2. T
Proposition 2.2: Suppose that fel (R ’H) and fq{f} € L(R%H)

transform is invertible and its inverse 1is as follows

FoUFAN (@) = f(z) = e /;{f Frp———

, then quaternion Fourier

Proof is based on the definition on inverse Fourier transform

_1[Fq{:fﬂ{$) =
= f

E_j..a.":\:r ml]_:rl d}!

3. Quaternion wavelets
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Quaternion wavelet and quaternion Fourier transform could expand transforming through wavelet to
quaternion wavelet. In this section, we determine admissible condition for quaternion Fourier transform as
well as continuous quaternion wavelet transform to admissible quaternion wavelet(AQW).

ve (R H)

Definition 3.1: Suppose that function satisfies in the following conditions:

com [ [ 1darow)P=E ©)
' so(2) JR+ a

W |u.,‘ =1 w.
’

Where © is real positive constant independent from W that is true in a" is dilation coefficient
and 7y denoted the rotation with angle 6. Then we say that y is an admissible quaternion wavelet(AQW).

weR?

Lemma 3.2If % = wlwo 5 YeAQW that <ol = L then (9) is real positive constant independent for

da

ra. .. . . q. .
Proof: as = “is linear and @ is Haar measure of multiplication group R*, then we have:

- Sdadf - Sdadf
/ / B(ar_g(w)) P2 — j / Blar_o(|wlwo))P
sa(2) J R+ a s0(2) JR+ a
~ 5 dadf
- ] f 1B (alwlr—o(wo))?
so(2) JR+ a
- ladd
B ] / |’¢"‘(a""—9(wo))|gm
s0(2) JIR+ a

Note that can be written as the following form:

$(2) = to(x) = (x) = talx) — () (1)

b

(10)

e AQW

'{;I;’SELQ{RE;R) that's - 0: ]-'. 2,3

where

Note: Using QFT definition and linearity specification of quaternion Fourier transform, we have

Fod) = [ (Wnla) + o) + jua(o) + kb)) e (12)

= Rt} + iF i hw) + iF () @) + KFi{n} )

Fo{s}el*(R%R) ¢ -5 =0,1,2,3

That we suppose

Proposition 3.3 Suppose that ¥ is admissible quaternion function. Quaternion Fourier Transform can be
written as

Foltaps}(w) = e {dg(ar_y(w) + ith (ar_p(w)) ye 72"
e g T — | (13)
+  ae“ i (ar_g(w) + kis(ar_g(w)) et

Proof: using QFT definition, we have
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o 1 r—b
FQ{T"'II)'LE'E’} (w) = / —(r_g( ))e et e Jw2r2 ]2 4.
- B2 a
r—>b
a Y
In the above equilibrium, we perform variable of that we achieve:

e B
) g2 4

— a/ 1-;':(?"_9(y))e_i“’lble_i“'“"lyle_jawzy'zdzye_jwﬂ’?
B2

Firstly, we observed that U =Yo + 1+ JY2 + kﬂ"‘fj . Also

Japoe b jiba(cos(wiby) — isin(w;by))
= jibycos(wiby) — jirg sin(wyby))
= jibycos(wiby) + kg sin(w; by )
= jibycos(w by) + ijtb, sin(wby)
= jya(cos(wiby) + isin(wiby))

Therefore,
Jihae P = jahge—iwibl
= et

Accordingly, we have:
l!i."i...-l'fgn‘:'._ml by _ ’i...'l'fgf:'.ml by e

The above equilibrium shows
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FoltapsHw)

@ [/ Golr-o(w)) + it (r-o(u)) + 1(r-o(w)
© ka(ro(y))} x et emiowiv gmiaaya g2 o —dwaba

= af, (e 1B { (sho(r_a(y)) + itr (r_a(y))}

+ e G (r_p(y)) + ka(r_g(y))}) x e b eyt gmiaays gy o —wzbs

— a/ e_i‘”lbl{ﬁ'l(;(?“_g(y)) +?-1.:"i’1(‘?”—9(34’))} % E—iw1b1E—iawlyle—jawzy-zd’lye—jw'-zbz
B2

o g () + Rs(r_a()} x e iyt
B2

SO

Filtans}(@) = aeb [ Gr ofy)) x e ine e gyt
B2
+ ae—iwlbl / Nl‘l ('r_g(y)) % E—?'uabl e—?’awlyl e—jawgy—gd‘zye—ngbg
B2
+ ae?’ulbl / jﬁlfg(?"_ﬂ(y)) X e—iwlble—iawlyl e—jawgygdilye—ngb-z
B2

4+ e ks(r_g(y)) % e—1w1b1e—mwmE—Jaw-zyzd2ye—3w2b-z
B2

= ae_mbltggg(a.-r_g(w))e_mbz + a.ei““bl-ag(a-r_g(w)}e_j'“‘"zb?

That shows

Doi(ar_p(w)) = Po(ar_p(w)) + it (ar_g(w))

(14)

—

bular_s(w)) = jia(ar_g(w)) + kis(ar_o(w))

Accordingly, it will be approved completely.

4. Continuous Quaternion Wavelet Transform(CQWT)
We define Continuous Quaternion Wavelet Transform (CQWT) on a quaternion function

felX(R? : H) e AQW

in compared to
T,: L*(R*: H) — L*R?: H)
f — va(a 9., b) - (f:l 'wa_ﬁ__b}L?{]R?:]]{]
1 —b_
= / —u',!(-r_g(i ))d2$
R a

3

: . . : « wel(R%H) .
It is necessary to mention that arrangement statements in predicate of “suppose that is a
quaternion wavelet” cannot be moved. In fact, we have this lemma.
alve / 4 alh 2 2. AV A A
Lemma 4.1 Suppose YeAQW CIf hel*(R*: H), then CeWT is as follows:
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(13 - ;
.T-'- ﬂ.gb = — wle -J“‘jbr“ /L ar_ e!wlb]_
W@0.0) = i | flw)e s (afaro(w)
+ Dular_g(w))e-ih b (16)
Pat(ar_g(w))- u(ar_p(w))

That ’ have been defined in predicate of “suppose veL*(R% H) 1s a quaternion
wavelet.
Proof

Tyf(a,0,0) = (f,Vapp)r2m2m)

- (gi)z@ Vo g ) 2R

= (2,;2 / af (@)l (@)de

B (2;)2 /}2 af (w)(e=“b1ejgi(ar_g(w))e 9422 + eibighy (ar_p(w))e—742b2)d%w
= (gi)z /2 af(w) (e 11y (ar_p(w))e 74202 d2w

- (2:”2 /}2 af (w) (et (ar_p(w))e—3w2b2)du

- (2;)2 /}zaf( el iy (ar_g(w) e dPw

+ o [ T Taar e

™o
Y
(&)

]

5. Reconstruction Formula

In this section, we show that we can achieve quaternion function f by continuous quaternion wavelet
transform that the quaternion wavelet is true in the following condition.

= Yo + i + jtbp + ks AQW is an admissible continuous quaternion

f, geL?(R%; H) N L'(R?; H)

Proposition 5.1 Suppose that *

wavelet. Suppose that F. q {t = F q {Q-"I"'U} eR . Then for each we have
_ 17
{waﬁ TwQ)Ligg;H} = Ca;',-':f? Q)Li(}?::—l) (17)
Proof: we use Plancherel Formula for transforming quaternion Fourier:
(T f, Tyg)12(0m = / l ( 5 T, f(a,0,b)Tyg(a,0,b)d*b)du
= g | FiTes@.0.0) 7, Taw o)
s0(2) JIRH ?."
— o | T Tt @0, 0) T Tug(a,0,0) )
(2m)? so(2) JR+ JR2
pel?(R?; H)

According predicate of “suppose that is a quaternion wavelet”, we have:
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(Tof ool = oz | [ [ Hlar o(@))3(w)Dlar o(w))dw)dp
ﬂ) so(2) JE+ JR
- o5/ . [ (@ Fbara(w)dar_o@) T d
s0(2) + JR2
We change integral arrangement using Fubini theorem. We know that
~ 5 dadt dadf
Co= [ [ aro)P=, du(a,0) = 22
s0(2) JE+ a a

That is a real positive constant. As a result:
1 .
Tof - Tod) 200w = w 2
Tof Teshoeny = o3 [, T /30{2) [ 1bar_ow))

= C‘.

1

dadl

—)g(w)d'w)

AJ

g(w)dw

=)
Q)

(@)
B2

e L f(@)

Wdzr— w{f, 9) @2

o

[

Proposition 5.2 (inversion formula):As hypbtheses of Proposition 5.1, we can decompose any quaternion

feL*(R; H),
function as follows:

1) = = ] Ty (0,0, b)ta 550\ (18)

r,,

That is an integral in weak convergence.

Proof: we use proposition 5.1 for each 9 eL? ]R H)
Cy(f. g}LZ(RZ; H) = / / Tyf(a.8,b)Tyg(a,0, b)dzb)d,u.
s0(2) JIR+

w2

B2

N /be{a 0, b)Tﬁ"g(av 0,b)dA
e

— f‘Ty‘;f(a;g: b)([a g(gr)m{ﬂx))d/\
0 R2

B f Ty f (a,0,b)b0g4(0)g(@)
o JIR?

- [_,/T‘#’»‘f(a=9=b)'tﬂa:e:b(:l?)g{:tf)d)\d%)
R J o

= {/T¢f(a.,9:b)i;'lra__,g__b(f)d)\,g(ar))bg{_;_-z;H}

geL*(R* H)

As there is identity feature of inner product for each , we conclude that
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Cyf(z) = f Ty f(a, 8, bpbupp(x)d)

e
(19
This completes the proof. m
pe AQW
Proposition 5.3 (kernel reconstruction): Suppose that VeAd . If
Ky(a,0.b:a,0' V) = C, M (Vaps: Yoot ) L2 (w2
v(a,0,6;a,0.5) R e Ky(a,0.b:d".0' V)
, then ' is a kernel
. L*(p,d))

reconstruction in , " namely:

T, f(a.0 ) = /Tﬁ,f[a,ﬂ,b]Kt-,(a,H._b:_ a0, 5)d\

Proof: by substituting (18) in CQWT definition, we have:

T 0Y) = [ s
= [ €51 [ Tof @00 0as(0)iN G D
L Nl e et
_ / Ty f(a,0,b)Ky(a,0,b;d, 0, b)dX

And we re done.
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